In this paper, we exploit the 3D-beamforming features of multiantenna equipment employed in fifth generation (5G) networks, operating in the millimeter wave (mmW) band, for accurate positioning and tracking of users. We consider sequential estimation of users' positions, and propose a twostage extended Kalman filter (EKF) that is based on reference signal received power (RSRP) measurements. In particular, beamformed downlink (DL) reference signals (RSs) are transmitted by multiple base stations (BSs) and measured by user equipments (UEs) employing receive beamforming. The so-obtained beam-RSRP (BRSRP) measurements are reported to the BSs where the corresponding directions of departure (DoDs) are sequentially estimated by a novel EKF. Such angle estimates from multiple BSs are subsequently fused on a central entity into 3D position estimates of UEs by means of another (second-stage) EKF. The proposed positioning scheme is scalable since the computational burden is shared among different network entities, namely transmission/reception points (TRPs) and 5G-NR Node B (gNB), and may be accomplished with the signalling currently specified for 5G. We assess the performance of the proposed algorithm on a realistic outdoor 5G deployment with a detailed ray tracing propagation model based on the METIS Madrid map. Numerical results with a system operating at 39 GHz show that sub-meter 3D positioning accuracy is achievable in future mmW 5G networks.
I. INTRODUCTION
The adoption of the millimeter wave (mmW) frequency bands by the fifth generation (5G) wireless networks allows not only for a tremendous increase in capacity but also opens new opportunities for high-accuracy positioning of user equipments (UEs). In fact, in the 3rd generation partnership project (3GPP), a study item proposal on 5G positioning using radio access technology (RAT)-dependent solutions is currently under discussion [1] , [2] . In particular, 5G base stations (BSs) and UEs operating at mmW frequencies are expected to make a considerable use of transmit and receive beamforming due to path-loss at such frequencies [3] , [4] . In addition to improved resource utilization, beamforming at BSs can be used for estimating the direction of departure (DoD) of a downlink (DL) signal, which in turn can be exploited for localizing UEs. This work was supported by the Doctoral Program of the President of Tampere University of Technology, the Tuula and Yrjö Neuvo Foundation, the Nokia Foundation, the Emil Aaltonen Foundation, and the Finnish Funding Agency for Technology and Innovation (Tekes), under the projects "TAKE-5: 5th Evolution Take of Wireless Communication Networks", and "WIVE: Wireless for Verticals".
In this paper, we propose a sequential estimation method for user positioning based on the beamformed DL reference signal received power (RSRP) measurements from a given UE. Such beam-RSRP (BRSRP) measurements are employed by a novel two-stage extended Kalman filter (EKF) for estimating and tracking the 3D position of the UEs. In particular, each BS transmits beamformed DL reference signals (RSs) that are measured by the UEs employing receive beamforming. The measured BRSRP values are then communicated back to the BSs where the corresponding DoDs are sequentially estimated by the first-stage EKF. Thereafter, in the second-stage EKF, the UE specific DoD estimates from the first-stage EKF from all the available BSs are fused in order to obtain sequential 3D position estimates for a given UE.
BRSRP measurements make it possible for the proposed algorithm to be deployed on analog beamforming architectures, which are known to be significantly less expensive than fullydigital or even hybrid architectures, and thus more suitable for mmW applications. Moreover, exploiting feedback of DL RSRP measurements allows our EKF to provide highly accurate 3D positioning of users with essentially the currently agreed specification for 5G [4] . The EKF algorithm typically outperforms batch estimation schemes, and provides a good trade-off between performance and complexity when compared to other sequential estimation techniques such as particlefiltering. The main advantage of the cascaded two-stage scheme considered herein is that the computational load can be distributed between BSs and a central entity, which also leads to a reduction on the signalling load compared to having a single EKF tracking the UE at a central entity.
This work can be understood as an extension of the work in [5] to the case of BRSRP measurements, instead of using the relative phases of the uplink (UL) signals received across BS's antennas for UEs positioning. Recent applications of BRSRP measurements to angle estimation include [6] , where RSRP measurements are carried out with a single multi-mode antenna (MMA). In the case of MMAs, directional power measurements are enabled by the registration of the antenna surface current distribution corresponding to the different characteristic modes. Also, in [7] direction of arrival (DoA) estimation via singleantenna RSRP measurements by exploiting the antenna radiation pattern diversity is proposed. Unlike our paper, the work in [6] , [7] focused on batch techniques for DoA estimation, and did not consider user positioning. In fact, sequential estimation typically outperforms batch schemes due to the ability to fuse measurements from consecutive time-instants [8] , thus making it suitable for tracking moving users.
The rest of the paper is organized as follows. First, the considered system model is introduced and described in Section II. Both stages of the proposed EKF solution, i.e., the DoD tracking and UE positioning EKFs, are derived and explained in a detailed manner in Section III. Thereafter, the considered simulation scenarios as well as the results of our simulations and numerical evaluations are presented in Section IV. Finally, Section V concludes the paper.
II. SYSTEM MODEL
Let y i,j ∈ C M f denote the multicarrier observation in an orthogonal frequency-division multiplexing (OFDM) system at the UE side. The subscripts i, j refer to the ith UE receiver (Rx) beam and the jth BS transmitter (Tx) beam, and M f denotes the number of subcarriers. Assuming a single dominant propagation path, the observation at the UE is given by
where S ∈ C M f ×M f is a diagonal matrix denoting the transmitted symbols in frequency domain, and b f ∈ C M f denotes the combined frequency-response of the channel and Tx-Rx radio frequency (RF)-chains. Moreover, b j BS (ϑ d , ϕ d ) ∈ C and b i UE (ϑ a , ϕ a ) ∈ C denote the complex-valued beampattern of the jth BS and ith UE beams, respectively. Throughout this paper Tx and Rx are assumed to transmit and receive vertically-polarized signals, respectively. Thus, b j BS (ϑ d , ϕ d ) and b i UE (ϑ a , ϕ a ) are scalar-valued functions describing the effects in magnitude and phase that the transmitted symbols undergo when sent through beam j and received by beam i. Here, the departure elevation and azimuth angles at the BS are denoted by (ϑ d , ϕ d ), whereas the arrival elevation and azimuth angles at the UE are represented by (ϑ a , ϕ a ). Finally, γ i,j ∈ C denotes the channel's path-weight for the vertical-polarization between the ith UE Rx beam and the jth BS Tx beam [9] , [10] . Also, vector n i,j ∈ C M f denotes measurement noise. In particular, we assume that n i,j ∼ N C (0,σ 2 i,j I),σ 2 i,j =σ 2 ∀(i, j), as well as E{n i,j n H k,l } = 0 when i = k or j = l. In other words, we assume a noise-limited system and a radio channel with negligible diffuse scattering. The assumption of uncorrelated measurement noise holds when the UE beams are formed at different time-instants, employ different RF-chains, or the beams are orthogonal. These assumptions typically hold in mmW systems.
We now consider two limitations commonly found in practice. Firstly, the UE's Rx beam characteristics (i.e., b i UE (ϑ a , ϕ a )) are either not available at the network side or the capacity of the feedback channel does not allow for reporting all M BS × M UE channels, where M BS and M UE denote the number of beams at a given BS and UE, respectively. Hence, we focus on estimating the DoD of the DL line-of-sight (LoS) path. Note that both DoD and DoA may be estimated given that all of the M BS × M UE channels are available at the BS. Secondly, the relative phases among the BS Tx beams are unknown (e.g., uncalibrated system). Hence, RSRP measurements of the BS Tx beams, that are robust against the above limitations, are used for estimating the position of the UE. In particular, we consider BRSRP measurements defined as
where [y i,j ] m denotes the mth element of vector y i,j . Note that this is similar to RSRP measurements commonly used in wireless communication systems. The positioning algorithm proposed in this paper is thus applicable to 5G [4] . The problem addressed in this paper is that of sequentially estimating the UE position based on feedback BRSRP measurements as illustrated in Fig. 1 .
III. PROPOSED EXTENDED KALMAN FILTER
We now consider sequential estimation of the UE's 3D position by means of a two-stage EKF. In particular, each BS employs an EKF for estimating and tracking the DoD using feedback BRSRP measurements from the UE. This is the first stage of the sequential estimation procedure. The second stage EKF consists in fusing the DoDs according to their covariance matrices, both tracked by the first stage EKFs, into position estimates. We follow the so-called information form EKF instead of the more widely used Kalman-gain formulation. In fact, the former is computationally more attractive than the latter when the state-vector has smaller dimension than the observation (or measurement) vector. For example, for M BS = 64 beams and 2 parameters composing the statevector (ϑ, ϕ) the information-form EKF needs to invert a 2 × 2 matrix while in the Kalman-gain formulation a 64 × 64 matrix inversion is required at each step. Note that the two-stage EKF proposed in this section may be understood as an extension of the work in [5] to BRSRP measurements, instead of using relative-phase measurements.
A. EKF for DoD Estimation and Tracking
The state vector for the DoD-EKF is s = [ϑ, ϕ, Δϑ, Δϕ] T , where Δϑ and Δϕ denote the rate-of-change of ϑ and ϕ, respectively. The prediction step of the DoD-EKF is then
(3)
where F ∈ R 4×4 , C ∈ R 4×4 , and Q ∈ R 4×4 denote the state-transition matrix, state covariance matrix, and state-noise covariance matrix, respectively. Matrices F and Q can be found from [11, Ch.2] by noting that we have employed a continuous white-noise acceleration model for the state-dynamics. The update step of the DoD-EKF is
where I(s − [n]) ∈ R 4×4 and q(s − [n]) ∈ R 4 denote the observed Fisher information matrix (FIM) and gradient of the log-likelihood function of the state given BRSRP measurements, respectively.
In particular, BRSRP measurements can be shown to follow a noncentral χ 2 -distribution with a probability density function (pdf) given by [6] , [12, Ch.2] 
where I x (·) ∈ R denotes a modified Bessel function of the first kind. For a growing number of subcarriers M f , the pdf in (8) approaches a Gaussian [6] , and we thus have
Here, the mean and variance of BRSRP measurements are given, respectively, by
where
Let β ∈ R MBS denote the BRSRP measurements for all BS beams and a given (fixed) UE beam. The chosen UE beam can be the one that yields the largest sum of BS's BRSRP measurements among all UE beams, i.e. max i MBS j=1 β i,j , or simply the UE beam corresponding to the largest BRSRP measurement, for example. It follows that β ∼ N (μ(Θ), C(Θ)), where
Here, Θ = [ϑ d , ϕ d , α,σ 2 ] T denotes the unknown parameter vector and α ∈ R is given by 2 and a(ϑ d , ϕ 
The EKF can now be implemented with the observed FIM and gradient of the log-likelihood function of Θ ∈ R 4 by exploiting the asymptotic (Gaussian) distribution of BRSRP measurements. Convenient expressions for the FIM and gradient under Gaussian distributed observations can be found in [8, Ch.3] . However, such an approach may not be computationally attractive since one would need to track 4 parameters out of which only 2 are of interest for angle based positioning. We would thus need to track 2 nuisance parameters. Since the computational complexity of each EKF iteration is typically O(n 3 ), where n denotes the dimension of the state-vector, it is important in practice to formulate the sequential estimation problem at hand in a way that only the DoD is tracked at each BS.
Let us thus define the received signal-to-noise ratio (SNR) of the (i, j) beam pair as
In the low SNR regime we have M fσ 2 i,j > λ i,j . Moreover, the break-even point between both terms composing the variance of BRSRP measurements in (11) is M fσ 2 i,j = 2λ i,j . Hence, we make a low-SNR approximation of the covariance of β and assume it is independent of the DoD. The resulting loglikelihood function is
The above log-likelihood function is separable in (ϑ d , ϕ d ) and (α,σ 2 , σ 2 ) since the maximum likelihood estimator (MLE) of the latter parameters may be found in a closed-form for a given (ϑ, ϕ) [13] , [14] . Hence, the concentrated log-likelihood function is
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Such an expression is obtained by replacing α,σ 2 , and σ 2 in (17) with the corresponding MLEs:
Here, (·) † denotes the Moore-Penrose pseudo-inverse. Moreover, P ⊥ a1 (ϑ d , ϕ d ) = I − P a1 (ϑ d , ϕ d ), and P a1 (ϑ d , ϕ d ) ∈ R MBS×MBS denotes an orthogonal projection matrix. We note that P a1 (ϑ d , ϕ d ) = P a (ϑ d , ϕ d ) + P 1 , where P a (ϑ d , ϕ d ) and P 1 denote oblique projection matrices. In particular, the range-space of P a (ϑ d , ϕ d ) is spanned by vector a(ϑ d , ϕ d ) while its nullspace contains a subspace spanned by vector 1. Similarly, the range-space of P 1 is spanned by vector 1 while its nullspace contains a subspace spanned by vector a(ϑ d , ϕ d ) [15] .
The gradient and observed FIM (or Hessian) of the concentrated log-likelihood function now follows from the results in [16] , [17] 
Note that we have used a first-order approximation of the observed FIM since it is known to provide improved convergence [17] . The proposed EKF for DoD employs the above gradient and observed FIM in the update-step. Next, the DoDs and corresponding covariance matrices tracked by the DoD-EKF are used for tracking the UE position.
B. EKF for UE Positioning
The DoD estimates tracked by the EKF proposed in the previous section can be assumed to be given by
where the subscript k denotes the BS index. Note that the covariance C k ∈ R 2×2 equals the upper-left (2 × 2) block of C + [n] in the DoD-EKF, and it is assumed to be angleindependent. Such a simplifying assumption is taken here since a closed-form expression for C k is typically rather involved, which in turn would significantly increase the complexity of the Pos-EKF proposed in this section. In particular, let the state vector be given by s UE 
The prediction step of the Pos-EKF is then 
Here, p ∈ R 3 denotes the 3D Cartesian coordinate of a UE's position and blkdiag{·} denotes a block-diagonal matrix. Note that
The gradient of the log-likelihood function of p given m, and respective observed FIM, now follow from [8, Ch.3] 
IV. NUMERICAL RESULTS

A. Deployment Scenario
We consider a scenario where two BSs and a UE are deployed on the Madrid grid. In particular, a modification to the original Madrid grid is considered in this paper in order to obtain a large (up to 500 m long) open area. This is a common envisioned deployment for mmW cellular systems. Fig. 2 illustrates the modified Madrid grid considered in here as well as the locations of the BSs and UE. In particular, BSs are deployed at a height of 50 m while that of the UE is 1.5 m.
The The amount of feedback BRSRPs may be signalled by the network, for example. The radio channels between a given UE and BSs are modelled according to the METIS ray-tracing channel model [18] . Hence, all multipath components between the UE and BSs are taken into account in the BRSRPs measurements, and re-calculated for every UE position.
B. Performance of the Proposed EKF
We assess the performance of the proposed two-stage EKF by considering a UE moving with a velocity of 2 m s −1 . The UE moves along a 100 m-long straight trajectory with a southto-north direction. The starting position of the UE is illustrated in Fig. 2 . The southernmost BS is north-facing while the northernmost BS has a 60 • orientation clockwise from Eastside. The UE feedbacks BRSRP measurements every 160 ms. Initialization of the DoD-EKF and Pos-EKF follows that in [5] .
In particular, we consider the case where the number of feedback BRSRP measurements (corresponding to beam-pairs) is 16, 8, 6, and 5. For less than five BRSRP measurements the corresponding angular-domain ambiguity function is far from the ideal Dirac-delta, and the resulting likelihood function has multiple global maxima. Hence, the performance of the proposed EKF degrades rapidly when the number of feedback BRSRP measurements is smaller than five. We emphasize that the performance of the proposed EKF with respect to the number of feedback BRSRP measurements is heavily dependent on the shape of the BSs' transmit beams. Therefore, one can achieve sub-meter 3D positioning accuracy with, say, three BRSRP measurements given that the BSs' transmit beams have the necessary characteristics in terms of angular-domain ambiguity function.
The performance metrics employed to assess the performance of the proposed EKF are the 3D positioning errors, elevation angle error as well as azimuth angle error. The corresponding cumulative distribution functions (CDFs) are illustrated in Figs. 3-5 and the root-mean-squared errors (RMSEs) are given in Figs. 7-8. The CDF of the received SNR per beam-pair is also given in Fig. 6 .
Based on the obtained elevation and azimuth DoD estimation results in Figs. 4-5, and in Fig. 7 , it can be observed that the angle estimation performance is extremely accurate (< 1 • ) when the number of reported feedback beams larger or equal than 6. When the number of beams is less than 6 the proposed EKF tends to suffer from the unfavourable characteristics of the resulting likelihood function, thus leading to a performance degradation as discussed earlier in this section. In general, the angle estimation performance improves when the number of the reported beams increases, as expected, although the improvement is (slightly) more visible in the case of the azimuth angle estimation.
The obtained results also show that reporting the 16 beams (out of the available 64 beams) corresponding to the highest BRSRP measurements suffices in achieving sub-meter 3D It is also important to note that only a slight improvement in positioning performance can be observed when increasing the number of reported beams from 6 to 16; see Fig. 3 and Figs. 7-8. This may be understood by the high directivity of the employed transmit beams. In particular, reporting RSRP measurements of beams that have a main-lobe towards directions away from the LoS between BS and UE leads to a marginal increase (and may even be detrimental for low-SNR) in angle-related information compared to the beams that point towards the UE. In practice, this is important since it allows one to optimize the capacity of the feedback channel.
V. CONCLUSION
In this paper, we proposed a 3D UE positioning method for 5G mmW networks by exploiting DL beamformed RS from BSs. More specifically, the proposed sequential 3D UE position estimation was performed at the network-side by means of a two-stage EKF and based on feedback beam-RSRP measurements carried out at the UE. In particular, in the first EKF stage, the directions-of-departure of the beamformed DL RSs were estimated and tracked at BSs, whereas in the second stage EKF, such angle estimates from all available BSs were fused into 3D position estimates at a central entity. Performance results of the proposed algorithm on a realistic outdoor 5G deployment based on the METIS ray-tracing propagation model show that sub-meter 3D positioning accuracy of users is achievable in 80% of the cases by reporting only 6 beam-RSRP measurements. The achieved accuracy enables a large number of applications envisioned in 3GPP for 5G networks. Future work includes developing methods for selecting, in a dynamic manner, the most-relevant DL beam-RSRP measurements for feedback as a trade-off between positioning accuracy and load of the feedback channel. Moreover, the uncertainties in BSs' orientation need to be taken into account by the UE positioning algorithm, in practice. 
